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Two Minkowski functionals were tested in the capacity of morphological descriptors to quantita-
tively compare the arrays of vertically-aligned graphene flakes grown on smooth and nanoporous 
alumina and silica surfaces. Specifically, the Euler-Poincaré characteristic and fractal dimension 
graphs were used to characterize the degree of connectivity and order in the systems, i.e. in the 
graphene flake patterns of petal-like and tree-like morphologies on solid substrates, and mesh- 
like patterns (networks) grown on nanoporous alumina treated in low-temperature inductively- 
coupled plasma. It was found that the Minkowski functionals return higher connectivity and frac-
tal dimension numbers for the graphene flakepatterns with more complex morphologies, and in-
deed can be used as morphological descriptors to differentiate among various configurations of 
vertically-aligned graphene flakes grown on surfaces. 
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Morphological parameters of the networks of nanostructures on surfaces and in nanocomposites directly influ-
ence many important characteristics of the whole structure such as electric resistance [1], thermal conductivity 
[2], percolation threshold [3], mechanical strength [4], optical [5] [6], electronic [7] and magnetic [8] [9] proper-
ties. Among others, networks of vertically-aligned few-layered graphene flakes [10] and graphene-polymer na-
nocomposites [11] attract a special interest due to extraordinary mechanical, electrical, magnetic and other 
properties of these systems [12]-[14], and morphological features of such networks also significantly affect their 
properties. It should be noted that the vertically-aligned few-layered graphene flakes are under extensive inves-
tigations nowadays and many other terms could be used in the literature to address these kind of nanostructures, 
such as vertically aligned carbon nanowalls [15], vertically oriented graphene sheets [16], vertically aligned 
multilayer graphenes [17] and vertically aligned graphene layers [18]. Nevertheless, we will call them vertically- 
aligned few-layered graphene flakes (FLGF) for simplicity.  
Typically, arrays of FLGF are formed using low-temperature plasma-based processes [19], e.g. based on the 
inductively-coupled plasma (ICP) technique [20]. Depending on the specific process parameters (e.g., substrate 
temperature, discharge power and electron energy) and used materials, the physical, mechanical and structural 
characteristics of FLGF can vary in a wide range [21]. Arc discharges can be used for the production of free- 
standing (i.e., not attached to surface) graphene flakes, which could be further transferred to the surface [22]. 
Plasma generated by other types of discharges (e.g. direct current cylindrical magnetron [23]) also could be 
promising for the graphene flakes fabrication. 
Apart from fabrication, graphene characterization represent a separate problem and many sophisticated me-
thods (such as Raman spectroscopy, scanning electron and transmitting electron microscopy, etc.) were devel-
oped to measure electrical, mechanical, magnetic, thermodynamic and other properties of graphenes; the reader 
can refer to numerous review papers [24] to find detailed information on any specific characterization technolo-
gy. However, researchers still suffer from the lack of simple, informative, and commonly accepted methods and 
parameters to quantify the graphene network architecture and morphological properties, and eventually correlate 
them with the physical properties of the whole network. As a result, the attempts to describe the morphological 
characteristics of the patterns formed by graphene flakes of similar structure but at different configuration could 
represent a problem. 
Minkowski functionals are statistical measures used to characterize geometrical structure and morphology of a 
system composed of many objects irregularly distributed in the two- and three-dimensional space. These meas-
ures were successfully used to relate the structural characteristic with the physical parameters of such systems. 
For example, Minkowski functionals were capable of predicting fluid flows in porous substrates [25], calcula-
tion of percolation thresholds [26], estimation of mechanical and transport properties [27] [28], as well as per-
meability [29] and strength [30] of complex systems with stochastically distributed objects. Moreover, the Min-
kowski functional formalism could be extended to the patterns of other material types and various dimensionali-
ties, and specifically, to large arrays of metal oxide nanowires such as, e.g., α-Fe2O3, ZnO and niobium pentox-
ide Nb2O5 [31] [32]. Minkowski functional may also be used to characterize morphological features of the 
MoO3nanosheetpatterns [33], as well as surface roughness of interfaces capable of supporting electromagnetic 
wave excitations [34]. 
In this work we have used the two functionals, namely the Minkowski connectivity (the Euler-Poincaré cha-
racteristic) and fractal dimension (FD) to quantify the degree of connectivity and randomness in several patterns 
of vertically-aligned few-layered graphene flakes grown on solid and nanoporous surfaces. Specifically, we have 
examined the graphene flake patterns of petal-like and tree-like morphologies grown on solid substrates, and 
mesh-like arrays grown on nanoporous alumina (Al2O3) membranes after various treatments. We have demon-
strated that the Minkowski connectivity and fractal dimension essentially depend on the morphological features 
of graphene patterns, and thus could be used as morphological descriptors to differentiate between various gra-
phene flakes configurations on surfaces and hence, obtain a quantitative measure to correlate the geometrical 
configuration of the pattern with its physical properties.  
2. Experiment and Analysis 
2.1. Fabrication of Graphene Flakes on Nanoporous Alumina and Solid Silica 
For the graphene formation on nanoporous surfaces, the alumina (Al2O3) membrane was prepared by a simple 
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and convenient liquid anodization technique [35]. The Al foil (thickness of 300 μm, sample diameter 10 
mm)wasanodized using the direct current voltage of 50 V in the oxalic acid (Figure 1) to obtain pore size of 200 
nm. The samples were then subjected to various types of post-treatment to obtain various morphologies of gra-
phene flakes on the treated surface. Specifically, one sample were processed in ICP plasma (Ar gas, RF power 
750 W, 2 min), second one was coated with Au (30 nm), the others were treated with Au, CO, and Pd ions by 
immersing them for 24 hours into KAu(CN)2, CoSO4, and PdCl2 solutions, respectively, and then drying in N2. 
After that, the mesh-like network of vertically-aligned graphene flakes was grown on all samples in ICP reactor 
(CH4/Ar/H2 ratio was 2:1:1, pressure of 3.0 Pa, power 850 W, process time 6 min). Samples were characterized 
by scanning electron microscope (SEM) technique using field-emission scanning electron microscopy (FE-SEM 
Zeiss Auriga), with the electron beam energy of 1 to 5 keV and InLens secondary electron detector. The struc-
ture of the graphene flakes was also studied using the transmission electron microscopy technique by the micro-
scope JOEL 2100 operated at electron beam energy of 200 keV. The SEM images were then used for the statis-
tical analysis. More details on this process and properties of the nanoporous membranes can be found elsewhere 
[36]. SEM images and three-dimensional reconstruction of several mesh-like structures are shown in Figure 2 
and Figure 3. 
 
 
Figure 1. Schematics of graphene flake network fabrication on nanoporous alumina membranes. Al foil (a) is subjected to 
electrochemical processing (b) to form the nanoporous membrane (c), which is then post-processed in plasma or chemical 
reagents (d). Few-layered graphene flakes are then nucleated and grow on the treated surface (e), eventually forming a com-
plex pattern of vertically-aligned nanowalls (f). 
 
 
Figure 2. SEM images of the mesh-like network of few-layer vertically-aligned graphene flakes grown on nanoporous alu-
mina covered with 30 nm of sputtered gold (a) and processed with Co+ ions in solution (b). Network morphologies are sig-
nificantly different and apparently cannot be visually compared and assessed. 




Figure 3. Three-dimensional reconstruction of the nanoflake relief for the vertically-aligned networks of few-layer graphene 
flakes grown on nanoporous alumina membranes with various types of post-processing. (a) Reference sample (nanoflakes 
grown on the surface of as-prepared alumina membrane); (b) nanoflakes grown on alumina membrane sputter-coated with 
30-nm gold film; nanoflakes grown on alumina processed in solution with gold ions (c), palladium ions (d), Co ions (e) and 
Ar plasma (f). Sample size is 4 μm for all cases. Apparently, the network morphologies are significantly different and cannot 
be visually compared and assessed. 
 
In the second experiment, the FLGF networks were grown on thick Si(100) substrates covered with a 500 nm 
silica (SO2) layer. The samples were also treated with the low-temperature Ar plasma, and then the flakes were 
grown in the ICP reactor under similar conditions, without the use of any catalysts and external substrate heating. 
During the treatment, substrates were negatively biased and heated by the plasma to 700 - 750 K. So-called pet-
al-like and tree-like graphene flake networks were formed in this experiment, with the petal-like structure grown 
at lower CH4 and higher H4 contents on the surfaces biased with −50 V potential during processing in Ag plasma, 
whereas the tree-like networks were grown at higher CH4 and lower H4 contents on the surfaces biased with 
−100 V potential. More details on the process and results can be found elsewhere [37] [38]. Further characteri-
zation has shown that increased process voltage (−100 V) resulted in the fragmentation of a silica layer and for-
mation of SiO2 islands, which led to the formation of tree-like network, whereas petal-like structures were 
formed on the smooth silica surface.SEM images and 3D reconstruction of the tree-like and petal-like structures 
are shown in Figure 4.  
2.2. Minkowski Functionals for Graphene Flake Networks 
Minkowski connectivity distribution (Euler-Poincaré characteristic ξ) is one of morphological descriptors which  




Figure 4. Minkowski connectivities (Euler-Poincaré characteristic ξ) and fractal dimension ψ curves for the networks of 
few-layer graphene flakes grown on nanoporous alumina membranes with various types of post-processing. (a) ξ and ψ for 
the reference sample (nanoflakes grown on the surface of as-prepared alumina membrane); ξ and ψ for networks grown on 
alumina membrane sputter-coated with 30-nm gold film (b); grown on alumina processed in solution with gold ions (c), pal-
ladium ions (d), Co ions (e) and Ar plasma (f). The curves have very different shapes and behaviors, thus demonstrating a 
high selectivity and sensitivity of this method. In all graphs the upper (Z/Zmax) scale refers to connectivity ξ and lover scale 
log(1/l) refers to the fractal dimension curve. 
 
was used to characterize various morphologies and geometrical properties of thin films [39], large nanotube 
networks [40], complex networks inlaying the surface such as carbon interconnections [41] and other similar 
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patterns. Specifically, Minkowski connectivity describes the measure of the amount of connections in the pattern 
by analyzing the relationship of connected and disconnected pixels in an image. In general case ξ is defined 
[42]: 
( )= ,W BN N
N
ξ θ
−                                    (1) 
where θ is the threshold, i.e. parameter running over the whole interval between the lightest and darkest hints in 
the image; NW and NB are the numbers of continuous (percolated) clusters of pixels above and below the thre-
shold θ, respectively; and N is the total number of pixels. Apparently, ξ is a characteristic of properties which 
depend on the interconnection of nanostructures in network, such as percolation threshold, conductivity and 
others related to the transfer of gas, heat, electrons etc. between the nanostructures [43].  
Fractal dimension is one more morphological descriptor often used to characterize morphological features and 
degree of order/randomness of the complex arrays and networks [36]. Importantly, fractal dimension can be 
correlated with the physical properties of the patterns, such as thermal conductivity for porous media [44], hy-
draulic conductivity [45], and complex conductivity [46]. It was also demonstrated that the films with significant 
fractal character [47] exhibit intense surface-enhanced Raman spectra (SERS) [48]. In classical formulation, the 
fractal dimension ψ is the limit of logarithmic ratio of the number of self-similar objects N(l) and length scale 1/l, 
i.e.  
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                                (2) 
where Z is the current height of the network or hint threshold for the image [49].  
Geometrically the fractal dimension ψ can be interpreted as the power of stretched factor k which return the 
area increase; i.e. if the area was increased by the factor of k, the area increase is δ = kψ. Apparently, for the con-
tinued (not fractalized) surface with ψ = 2 this will return δ = 22 = 4, as expected. For the fractalized surface ψ 
can exceed 2, that is, fractalized surface cannot be considered as flat. 
3. Results 
Analysis of Minkowski Functionals for Networks on Alumina and Silica 
Figure 2 shows the scanning electron microscopy (SEM) images of the two graphene flake networks grown on 
the nanoporous alumina membrane covered with 30 nm of sputtered gold (Figure 2(a)) and processed with Co+ 
ions in CoSO4 solution (Figure 2(b)). More SEM images of the above described samples can be found in our 
previous publications [18]. From this figure one can apparently notice that the flakes shapes, curvatures and 
other geometrical characteristics, as well as configurations of the whole patterns and amount of contacting flakes 
significantly vary. On the other hand, the quantitative characterization of the morphological features of these 
networks represent a complex task due to the highly irregular shapes of the flakes and a high degree of the ran-
domness in the pattern which does not form any regular shapes to be counted and measured. Undoubtedly, the 
quantitative characterization requires a tool capable of analyzing the whole structure and detecting the difference 
between them by assigning them quantitative descriptors. As stated above, we will try to apply the Minkowski 
connectivity and fractal dimension analysis in the capacity of such a measure. 
Figure 3 illustrates three-dimensional reconstructions of the vertically-aligned network grown on nanoporous 
alumina with various types of post-processing described in the Fabrication of Graphene Flakes on Nanopor-
ous Alumina and Solid Silica section above. Specifically, Figure 3(a) shows the reference sample which was 
fabricated by growing the graphene nanoflakes on as-prepared alumina membrane, just washed and dried with a jet 
of dry nitrogen gas. Figures 3(b)-(f) show the nanoflakes on the surface of alumina membrane sputter-coated with 
30-nm gold (b), as well as nanoflakes on alumina processed with gold (c), palladium (d), and Co ions (e) in so-
lutions, and processed with ICPAr plasma (f) under the following conditions: Ar gas flux was 10 sccm, chamber 
pressure of 2.0 Pa, radio frequency power used to ignite and sustain the plasma was 800 - 1000 W, the samples 
were treated for 2 - 5 min. 
All shown samples have a size of 4 μm. These three-dimensional reconstructions reveal the significant differ-
ences in morphology and help to better understand the specific features of the network. Nevertheless, the whole 
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structures apparently cannot be visually compared and assessed. 
Minkowski connectivity distribution and fractal dimension curves for all samples were calculated using the 
Gwyddion© visualization and analysis free software (released by GPL license). The results of the analysis of six 
samples are presented in Figure 4. Each graph in Figure 4 depicts the Minkowski connectivity curve combined 
with the fractal dimension curve for a single spacemen. Moreover, mean fractal dimensions were calculated us-
ing the three techniques (cube counting, triangulation, and power spectrum methods), and the results are sum-
marized in Table 1. This Table also lists the ψ values for graphene networks grown on solid silica. 
 
Table 1. Mean fractal dimensions for graphene nanoflake networks grown on nanoporous alumina and solid silica. 
Type of processing 
Method of fractal dimension calculation (non-dimensional) 
Cube counting Triangulation Power spectrum 
Co ions in solution 2.61 2.71 2.10 
ICPAr Plasma 2.60 2.69 2.30 
Gold ions in solution 2.49 2.60 1.69 
Pd ion in solution 2.63 2.74 2.35 
Reference (grown on as-prepared alumina) 2.58 2.66 2.26 
30-nm sputtered gold 2.59 2.64 2.22 
Petal-like pattern on solid silica 2.61 2.67 1.33 
Tree-likepattern on solid silica 2.45 2.54 1.54 
 
 
Figure 5. Three-dimensional reconstruction (a, b), and graphs for Minkowski connectivity (c) and fractal dimensions (d) for 
the tree-like and petal-like graphene networks grown on solid silica. Apparently, the analysis demonstrates higher connectiv-
ity and fractal dimension numbers for the graphene patterns with more complex morphologies, and indeed can be used as 
morphological descriptors. 
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It is quite apparent from the analysis of graphs shown in Figure 4 that the Minkowski connectivity ξ and 
fractal dimension curves for the networks grown on nanoporous alumina membranes with various types of 
post-processing strongly differ and depend on the network morphology, thus demonstrating a high selectivity, 
informativity and sensitivity of this method. The highest connectivity numbers (ξ = 10−2) were obtained for the 
networks grown on deposited gold film, whereas the plasma-processed samples have demonstrated ξ = 3 × 10−3, 
and the lowest numbers (ξ = 4 × 10−4) characterize the networks processed with gold ions in solution (presuma-
bly, due to their low chemical activity). Zero and peak values of the connectivity curves are dispersed in a wide 
range of nanoflake heights ranging from 0.1 to 0.9, thus evidencing the fact that the predominant connectivity in 
various networks could be located at quite different distances from the network bottom. The fractal dimension 
curves also demonstrate higher numbers for more complex shapes.  
The 3D appearance and relevant graphs for the petal- and tree-like networks grown on the smooth silica sur-
faces are shown in Figure 5, which reveals very different (radial for tree-like and enclosed for petal-like struc-
tures) morphologies, as seen in Figure 5(a) and Figure 5(c). To better compare these distributions, we have 
plotted combined connectivity graphs for connectivities and fractal dimensions, Figure 5(b) and Figure 5(d). 
From these graphs one can see that tree-like sample is characterized by lower connectivity, and this is quite no-
ticeable from the 3D structure where on Figure 5(a) where nanoflakes are mainly not in contact with each other. 
The fractal dimension graphs on Figure 5(d) also evidence higher degree of randomness for the petal-like network. 
4. Summary 
We have demonstrated that the Minkowski functionals, namely the connectivity (Euler-Poincaré characteristic) 
and fractal dimension can be used as morphological descriptors for the complex networks of vertically-aligned 
few-layergraphene nanoflakes grown on surfaces in the inductively-coupled plasma. The method was validated 
using the nanoflakes grown on nanoporous alumina and solid (smooth) silica, and high sensitivity demonstrated. 
Specifically, higher connectivity and fractal dimension numbers were obtained for the patterns with more com-
plex morphologies. More detailed studies will be undertaken to relate the above described functionals, as well as 
other statistical parameters with the geometrical, morphological, and eventually physical properties of the com-
plex surface-bound graphene patterns.  
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